Let G be a group of order 2 t , with t 4. We prove a sufficient condition for the existence of a one-factorization F of a complete graph, admitting G as an automorphism group acting sharply transitively on the vertex-set.
Introduction
Let G be a finite group of even order. Can G be represented as an automorphism group of a one-factorization F of a complete graph acting sharply transitively on vertices? If G is cyclic of order 2 t , with t 3, then the answer to this question is negative due to a result of Hartman and Rosa [5] . For all other classes of groups of even order which have been investigated in this respect, the answer has been affirmative: e.g. for the class of finite abelian groups of even order [3] and for the class of finite 2-groups admitting a cyclic subgroup of index 2 [1] . So one might conjecture that the cyclic groups of 2-power order are the only exceptions.
In the present paper we restrict our attention to the class of finite 2-groups and prove that if G is a finite 2-group whose Frattini subgroup is elementary abelian, then there exists a one-factorization F of a complete graph admitting G as an automorphism group acting sharply transitively on vertices. This condition is based on the notion of a starter developed in [3] : it has been shown that a group G can be represented as an automorphism group of a one-factorization F of a complete graph acting sharply transitively on vertices if and only if the group G admits a starter. We also prove that, within the class of 2-groups of order 64, the cyclic groups are the only ones which do not admit a starter. In order to fix notation for the subsequent section, we recall from [3] the definition of a starter in a group of even order.
Let G be an additive group and let K G = G, G 2 be the complete graph on G. An edge e = [x, y] ∈ G 2 is said to be short if x − y is an involution in G, otherwise e = [x, y] is said to be long. We define • jS 1 ∪ · · · ∪ jS r = G − {0};
• for every i = 1, . . . , r, the set (S i ) is a system of distinct representatives (left transversal) for the left cosets of a suitable subgroup H i of G containing all the involutions arising from the short edges in S i .
A condition involving the Frattini subgroup
In this section we give a sufficient condition for the existence of a one-factorization with an automorphism group acting sharply transitively on vertices. [6] ). Let G be a non-trivial finite group. The Frattini subgroup (G) of G is the intersection of all maximal subgroups of G.
Definition 2 (Rose

By Lemma 11.9 in [6], if G is a p-group, then (G) = {0} if and only if G is elementary abelian. We note that if G is a 2-group, then (G) is the intersection of all subgroups of index 2 in G.
Proposition . Let G be a group of order 2 t , with t 4. Let = {S 1 , . . . , S m } be a set of subsets of
is a set without repeated elements, which contains all non-zero elements of the Frattini subgroup of G and (ii) (S i ) is a left transversal for a suitable subgroup M i of G containing all the involutions fixing the short edges in S i
, for every i = 1, . . . , m. Then G admits a starter.
Proof. We are supposing that j contains (G) − {0}. We let I denote the set of involutions in G − j and we write G − j as the disjoint union
We have jT k = {±k} and (T k ) = {0, k}, the latter one being a left transversal for M k in G. For every h ∈ I we construct the set T h = {[0, h]}, obtaining then jT h = {h} and (T h ) = {0}, the latter one being a left transversal for G in G. Then
Using Proposition we can state the following theorem.
Theorem 3. Each finite 2-group G with an elementary abelian Frattini subgroup admits a starter.
Proof. For every
We have jS h = {h} and (S h ) = {0}, which is a transversal for G in G. The set = {S h : h ∈ (G) − {0}} satisfies Proposition , so that G admits a starter.
In [2] one can find a sufficient condition for the existence of a starter in a group G, of even order, which possesses a subgroup H of index 2 admitting a starter. This condition allows the construction of a starter of G containing the starter of H.
Using the AllSmallGroups library of the computer algebra system GAP, [4] , we investigated all isomorphism types of non-abelian 2-groups of order 64. By either applying the sufficient condition in [2] or Proposition , we were able to construct a starter for each 2-group of order 64 not verifying Theorem 3. Hence, within the classes of groups of order 2 3 , 2 4 , 2 5 and 2 6 , the cyclic groups are the only ones which do not admit a starter.
